Introduction
Singularities of smooth map germs have long been studied, especially up to the equivalence under coordinate changes in both source and target. There are two separate problems: classification and recognition. Classification is well understood, with many good references in the literature. Recognition means that for a given map germ on the classification table, finding simple criteria which will describe which germ on the table a given germ is equivalent to. Previously the method used for recognition was firstly to normalize the given map germ and next to study its jet. In order to consider applications however, criteria of recognition singularities without involving normalization is more convenient. In this paper, we call criteria for singularities without using normalization, general criteria. In fact, the case of wave front surfaces in 3-space, general criteria for the cuspidal edge and the swallowtail are given by M. Kokubu, W. Rossman, K. Saji, M. Umehara and K. Yamada and using them, study the local and global behavior of flat fronts in hyperbolic 3-space [11] . Moreover, using them, K. Saji, M. Umehara and K. Yamada introduced the singular curvature on the cuspidal edge and investigated its properties [16] . Furthermore, a general criterion for the cuspidal cross cap is given by S. Fujimori, K. Saji, M. Umehara and K. Yamada. They studied maximal surfaces and constant mean curvature one surfaces in the Lorentz-Minkowski 3-space and described a certain duality between swallowtails and cuspidal cross caps [4] . The cuspidal cross cap singularity is also called the cuspidal S 1 singularity. In [8] , general criteria for the cuspidal lips and the cuspidal beaks are given and the horo-flat surfaces in hyperbolic space are investigated. Recently, several applications of these criteria are considered in various situations [5, 8, 9, 12, 18] . Criteria for higher dimensional A-type singularities of wave fronts and their applications are considered in [17] .
In this paper, we shall give criteria for the Chen Matumoto Mond ± singularities which is a map germ defined by
at the origin. Chen and Matumoto showed this and suspensions of this singularity are the generic singularities of one-parameter families of n-dimensional surfaces in R 2n+1 ([3] ). In [15] , Mond classify simple singularities R 2 → R 3 with respect to the A-equivalence. This singularity appears as an S ± 2 singularity in his classification table [15] . In this paper, we also give criteria for cuspidal S ± k singularities. Which are map germs defined by (2) cS
at the origin. These are "cusped" S k singularity. If k is odd, cS + k and cS − k are A-equivalent. If k = 1, this is the cuspidal cross cap. We state criteria for cuspidal S ± k singularities as a generalization of the criterion for cuspidal cross caps given in [4] . Cuspidal S ± k singularities appear as singularities of frontal surfaces. In section 4, as an application, we give a simple proof of a properties on singularities of tangent developable given by D. Mond [14] . Furthermore, we generalize V. I. Arnol'd's example on the cuspidal cross cap singularities.
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Criteria for the Chen Matumoto Mond ± singularity
In this section, we show criteria for the Chen Matumoto Mond singularity of surfaces.
satisfies the that rank df 0 = 1, the singular point
has a corank one singular point at 0, then there exists vector fields (ξ, η) near the origin such that df 0 (η(0)) = 0 and ξ 0 , η 0 are linearly independent. We define a function ϕ as
We call η 0 the null direction (cf. [11] ). Remark 2.2.
• The additional condition in the case Hess ϕ < 0 cannot remove, for example, (x, xy + y 3 , xy + 2y 3 ) satisfies the condition but it is not A-equivalent to the Chen Matumoto Mond singularity.
• Using the above function ϕ, we can write the recognition criteria for Whitney umbrella such that ξϕ = 0 this means that grad ϕ = 0.
• Since ηf (0) = 0, Theorem 2.1 implies that the Chen Matumoto Mond singularity is three determined.
To prove Theorem 2.1, the following lemmata play the key role.
Lemma 2.3. The conditions of Theorem 2.1 is independent on the choice of vector fields (ξ, η).
Lemma 2.4. The conditions of Theorem 2.1 is independent on the choice of coordinates on the target.
Proof of Lemma 2.3. Let we set
and ϕ = det(ξf, ηf, η ηf ).
Then by a straight calculation, we have ξf = a 11 ξf + a 12 ηf, ηf = a 21 ξf + a 22 ηf and η ηf = * ξf + * ηf + a 21 (a 21 ξξf + 2a 22 ξηf ) + a Since m contains the terms a 21 and ηf , vanishing at the origin, it holds that ξm(0) = ηm(0) = 0. Next, we assume that ϕ has a critical point at 0, namely,
Then since a 21 (0) = 0 and 2a 22 ξηf is parallel to second column, it follows that ξξm(0) = ξa 21 det(ξf, ξηf, a 21 ξξf + 2a 22 ξηf )(0) = 0. By the same reason and (4), we also have Proof of Lemma 2.4. The derivative of diffeomorphisms does not change linearly independentness, the condition that ξf and ηηf are linearly independent does not depend on the choice of the coordinates of the target. Take a diffeomorphism Φ :
Then we havẽ
where, t (·) means the transpose operation. Thus by the same argument above, it is sufficient to prove that Hess M(0) = O, where
Since M contains ηf three times which vanishes at the origin, it holds that Hess M(0) = O.
Using these Lemmata, we prove the Theorem 2.1.
Proof of Theorem 2.1. The necessity of the condition is immediately by the Lemmata 2.3, 2.4 and a calculation about the formula (1). We prove that the condition is sufficient condition. Let us assume that the condition of Theorem. By Lemmata 2.3 and 2.4, we change vector fields (η, ξ) and coordinates on the target. Moreover, the condition does not depend on the coordinates on the source, we may change coordinates on the source. Since f is corank one at 0, by the implicit function theorem, f is A equivalent to the map germ defined by (x, y) → (x, f 2 (x, y), f 3 (x, y)) at the origin. By the target coordinate change, f is A-equivalent to the map germ (x, yg(x, y), yh(x, y)). Since f has a singularity at the origin, there is no constant term in g and h. Moreover, we have the following lemma. Let us continue the proof of Theorem 2.1. By Lemma 2.5, we may assume g y (0) = 0. Then by Morin's theorem (x, yg(x, y)) is A-equivalent to (x, y 2 ). Hence by a suitable coordinate change on the source and target, we may assume that
moreover, there exists a functionf such that
By a coordinate change
f is A-equivalent to the map germ
This is A-equivalent to the desired map germ and ± reverses to sgn(αβ) = Hess ϕ(0).
Criteria for Cuspidal S
± k singularity of frontals In this section, we shall introduce the notion of frontal surfaces and give criteria for cuspidal S ± k singularities of frontals.
3.1. Frontals and preliminaries. The projective cotangent bundle P T * R 3 of R 3 has the canonical contact structure and can be identified with the projective tangent bundle P T R 3 . A smooth map germ f : (R 2 , 0) → (R 3 , 0) is called a frontal if there exists a never vanish vector field ν of
is a isotropic map that is the pull-back of the canonical contact form of P T R 3 vanishes on (R 2 , 0), where [ν] means projective class of ν. This condition is equivalent to the following orthogonality condition:
where f * is the differential map of f . The vector field ν is called the normal vector of the frontal f . The plane perpendicular to ν(p) is called the limiting tangent plane at p.
to be an immersion (cf.
[1] see also [11] ). A function
is called the signed area density function. where, f u = ∂f /∂u, for example. The set of singular points S(f ) of f coincides the zeros of λ. A singular point p ∈ S(f ) is called non-degenerate if dλ(p) = 0. Let f : (R 2 , 0) → (R 3 , 0) be a frontal and 0 a non-degenerate singularity, then there exists a regular curve γ(t) : ((−ε, ε), 0) → (R 2 , 0) (ε > 0) such that the image of γ is S(f ). Since 0 is a non-degenerate singular point, dimension of kernel ker(df γ(t) ) is equal to one. Thus we have a never vanish vector field η(t) such that η(t) spans ker(df γ(t) ). We call η the null vector field. These terminologies the signed area density function, the non-degeneracy and the null vector field are introduced in [11] . Using these terminology, we define a function on γ:
This function is originally defined in [4] .
3.2.
Criterion for the (2, 5)-cusp of plane curve. In this section, we state a criteria for the map germ given by t → (t 2 , t 5 ) at t = 0. This Lemma can be easily proved by a fundamental argument so we omit. We remark that by this Lemma, the conditions neither depend on the choice of parameter t nor the coordinates on the target space. 
4 If k is even, sign ± in cS ± k coincides with the sign of the product ab, where, c ′ (0) must point the same direction with the null vector.
If k = 1, the condition 3 implies the condition 2. Thus, this is a generalization of criteria for cuspidal cross cap given in [4, Theorem 1.4]. Firstly, we prove the following lemma.
Lemma 3.3. The conditions in 3.2 do not depend neither on the choice of coordinates on the source, the parameter of c, the parameter of γ, the choice of representative ν, the choice of η. nor on the choice of coordinates on the target.
It is easy to check that the conditions 1 does not depend on all choices. Since linearly independency does not change by a diffeomorphism, the condition 2 does not depend on all choices. We prove that it does about conditions 3 and 4.
Proof that condition 3 does not depend on. Note that the condition does not change on the non-zero functional multiple of ψ on S(f ). Thus it does not depend on the choices of ν, η and the parameter of γ. Hence it is sufficient to prove that the condition 3 does not depend on the choice of target.
Let Φ : (R 3 , 0) → (R 3 , 0) be a diffeomorphism germ and dΦ be the derivative. The map dΦ can be considered as a GL(3, R)-valued function. We denote W such map: dΦ•f = W . Then the normal vector field off = Φ • f is given byν = t W −1 ν.
Thus we prove thatψ
is non-zero functional multiple of ψ on γ. Since the condition does not depend on the choices of coordinates on the source, choice of η and choice of ν, we may assume that S(f ) = {v = 0}, η = ∂ v ν is the unit normal vector and f (u, 0) is the arc-length parameter.
Under this assumption, since f u , ν, ν v are orthogonal each other, ν × ν v is parallel to f u . Thus we have
Since ∂ v is the null direction, t (dΦ)
Hence we have
Since det((dΦ) −1 ) dΦf u , dΦf u is a function which never vanish on S(f ), the condition 3
does not depend on the choice on the coordinate system on the target. Finally, about the last condition, if we change the direction of ν, the sign of a and b do not change. If we change the direction of η, both the sign of a and b change, thus the sign of ab does not change.
Proof that condition 4 does not depend on. If we change the parameter of γ, as t to δ(t). The sign of a changes to sgn(δ ′ a). Denote ψ the function ψ as γ(δ(t)), then we have
k is odd). Sign of b always changes. Hence the case of k is even, sgn(ab) does not change. If we change the orientation of the target, sgn a changes. In this case by the formula (8), sgn(b) also changes. Hence sgn(ab) does not change.
Proof of the Theorem 3.2. By suitable coordinate changes, we may assume that
The function ψ of f is 6g(u, 0). Thus it holds that g = (∂/∂u)g = . . . = (∂ k−1 /∂u k−1 )g = 0 and (∂ k /∂u k )g = 0 at 0. Moreover, the condition 2 means that the coefficient on v 2 of g(u, v 2 ) is not zero. Thus it follows that there exists a function g such that
g is represented as sgn(α)V 2 + βU k . The inverse map of (9) is represented by
using a function G and the constant term of G is not zero. Hence we have f is A-equivalent to
Here, we have ab = (6!k!) sgn(α)β. By a suitable scale change, if k is odd or k is even and
Applications
In this section, we give applications of the criteria. In [14] , Mond proved the following theorem.
Theorem 4.1 (Mond, [14] ). The germ of the tangent developable surface (t, u) → γ(t) + uγ ′ (t) of a space curve γ : (−ε, ε) → R 3 at (t 0 , 0) is A-equivalent to S It should be noted that Mond also classified the case of the vanishing order v of τ at t 0 is 1, 2, 3 and 4. If v = 3 or 4, the germ of the tangent developable surface is not A-equivalent to cuspidal S v singularity. Thus our criteria works for v = 2 case.
proof. We shall prove this theorem using our criteria as an application. Let γ(t) be a space curve, t be the arclength parameter, e, n, b be the Frenet flame of γ and κ, τ be the curvature and torsion. We denote f (t, u) = γ(t) + uγ ′ (t) the tangent developable surface of γ. Then S(f ) = {u = 0} and η = (−1, 1). All singularities are non-degenerate. Let us consider a curve t, − γ(t) · e(0) e(t) · e(0) , then this satisfies the condition 2 of Theorem 3.2 if τ (t 0 ) = τ ′ (t 0 ) = 0, τ ′′ (t 0 ) = 0. In this case, since ψ(t) is proportional to τ (t) and a = κ(t 0 )τ ′′ (t 0 ), b = τ ′′ (t 0 ) holds, f at (t 0 , 0) is A-equivalent to cuspidal S + 2 singularity. Hence we have the desired result.
Next, we consider the another property of cuspidal S k singularity. In the following properties of cuspidal cross cap is pointed out by Arnol'd [1, p.120] . Let C ⊂ R 3 be a generic cuspidal edge and F : R 3 → R 3 a generic fold. Then the image F (C) at S(C)∩S(F ) is a cuspidal cross cap, where, a fold is a map germ A-equivalent to (x, y, z) → (x, y, z 2 ) at 0. Here, we generalize this theorem and clarify the meaning of generality.
